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1. Introduction

The classical class of power means, see Hardy et al. (1952), contains the har-
monic, arithmetic and geometric means. Let w' = (wy,...,wy,), 2" = (21,..., 2n)
where a prime denotes the transpose, and let a be a scalar quantity. Let z; >
0,w; >0,5=1,...,n and Z;‘:l w; = 1. Then, the classical weighted average is

Q=

zo(a,w) = [wyz] + ... + wyzo]a.

For a = 1, zy yields Z?Zl w;z; or the arithmetic mean; when a = —1 it gives
> j(Z—;)]_l = the harmonic mean and when a — 0, then it yields []/_, z;” = the
geometric mean. This weighted mean zp is generalized to Y-mean by deFinetti,
see deFinetti (1974) and to hypergeometric mean by Carlson, see Carlson (1969,
1977). Carlson’s generalization involves assuming a type-1 Dirichlet measure for
the weights (wq, ..., w,_1), and then the average of a given function is taken over
this Dirichlet measure. In the current literature, this is known as the Dirichlet
average of that function.

The Mittag-Leffler function is an essential special function in mathematics, par-
ticularly in the study of fractional calculus and various applied sciences. It gener-
alizes the exponential function and serves as a powerful tool in describing complex
systems with non-exponential growth or decay. It has been referred to as the
queen function in fractional calculus by Mainardi and Gorenflo, see Mainardi and
Gorenflo(2007) and Mainardi (2020). The three parameter Mittag-Leffler function

is given by

El5(2) = ;% (1)

where a, 6,7 € C,k € Ng =NU{0},IN={1,2,... },R(a) > 0, R(6) > 0 and ()
is the Pochhammer symbol

Mo=LVe=7(y+1)...(y+k—1),k € N,y #0. (2)

The generalised Mittag-Leffler function was first introduced by Prabhakar in 1971,
with its properties later studied by Prabhakar (1971) and Kilbas et al. (2002,
2004).

The study of Dirichlet averages of three parameter Mittag-Leffler type func-
tions is important in both theoretical mathematics and its applications in various
fields. Mittag-Leffler functions generalize the exponential function, which is crucial
in describing a wide range of phenomena such as relaxation processes in physics,
diffusion processes, and anomalous dynamics. Studying their Dirichlet averages
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provides deeper insight into generalized functions that extend beyond simple ex-
ponential behaviour. The three parameter Mittag-Leffler function, combined with
Dirichlet averages, can lead to new solutions for fractional differential equations
applicable in physics, control theory, and engineering. Special functions like the
Mittag-Leffler function arise naturally in many physical problems, including quan-
tum mechanics, fluid dynamics, and thermodynamics. The Dirichlet averages of
these functions offer a more refined comprehension of their behaviour across many
domains and contexts. For more details see Kilbas et al. (2004), Kilbas and Kat-
tuveettill (2008), Rogosin (2015) and Kumar et al. (2022). In stochastic processes,
generalized Mittag-Leffler functions are often used to describe waiting times in
renewal processes and other random phenomena. Understanding their Dirichlet
averages could be useful in improving models of random events in fields such as
finance and network theory, see Stamova and Stamov (2017). In mathematical
physics, Dirichlet averages of Mittag-Lefler functions can describe relaxation phe-
nomena in complex systems, including anomalous diffusion in disordered media,
viscoelastic materials, and biological systems. Such studies help in modelling real-
world physical processes more accurately; see Mainardi (2010), Cahoy and Polito
(2013), Gorenflo et al. (2014). The study of three parameter Mittag-Leffler func-
tions through Dirichlet averages can be extended to higher-dimensional problems in
geometry and topology, which are important for understanding complex dynamical
systems and multidimensional physical systems; see Agarwal et al. (2024).

The paper presents the Dirichlet averages of various functions in various gener-
alized Dirichlet measures. This paper is structured as follows: Section 2 explores
Dirichlet averages of various functions over different types of Dirichlet measures
and introduces a new modified type-1 Dirichlet measure. In Sections 3 and 4, we
present a modified type-1 Dirichlet average of the three parameter Mittag-Leffler
function using fractional integrals, expressed in terms of the Srivastava-Daoust
function. Finally, Section 5 offers concluding remarks and suggestions for future
work.

2. Dirichlet averages
This section examines Dirichlet averages of different functions across various
types of Dirichlet measures. Consider a real type-1 Dirichlet density

fi(zy, . xy) = Dkx?lfl...xg’“fl(l — Ly — .. — )T (3)

for a;j > 0,7 = 1,k + 1, (21,...,x5) € Q,Q = {(z1,..,2)[0 < z; < 1,5 =
1,0k, 0 <my+ ...+, < 1} and fi(xq,...,2%) = 0 elsewhere, where
P(Oél + ...+ ak+1)
F(Oél)...r<04k+1) .
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and T'(-) denotes the gamma function. Let ¢;(z1, ..., 1) be a function of xq, ...,y
such that the integral

Al = / ¢1({E1, ceey xk)fl(xl, ...,$k)d{E1 AN d$k, (5)
Q

exists. Here, the function ¢; is averaged over the Dirichlet measure in (3) and
hence A; is called the Dirichlet average of ¢;. In statistical language, A; is the
expected value of ¢ or A} = E(¢1) where E(-) denotes the expected value of (-).
We may also consider averaging ¢; in a real type-2 Dirichlet measure. The real
type-2 Dirichlet measure in the real scalar variables case is the following;:

fo(@r, ooy ) = Dyt a1 4 2y 4 o 4 ) (e Fertorn) (6)

where (o) > 0,7 =1,..,k+1,2; > 0,5 = 1,...,k, Dy is the same normalizing
constant appearing in (4), and zero elsewhere. Let ¢o = ¢o(x1, ..., 2%) be a function
of x1, ...,z then the Dirichlet average of ¢y over the Dirichlet measure in (5) is
given by the following as an expected value:

A2:E[¢2]:/0---/0¢2f2($1,---,$k)d5131/\---/\dl’k, (7)

provided this expected value exists.

In the literature, Dirichlet average usually refers to averaging over the type-
1 Dirichlet density in (3). We will consider type-1, type-2 and their generalised
forms as the Dirichlet measure and consider averaging various functions over these
generalised Dirichlet measures. There are several generalisations of type-1 and
type-2 Dirichlet measures, given by Mathai and his co-researchers; see, for example,
Mathai (2003), Thomas and Jacob (2006), Thomas and Mathai (2009). One such
generalisation is the following:

f3(§U1, ey .flfk) = Ckl'(lll_l(l — xl)ﬁ1$g2_1(1 — T — 1'2)52...

x a1 —ay — . — )Tl (8)

with (z1,...,2x) € Qof (8) and f3(x1, ..., zx) = 0 elsewhere, where CY is the normal-
izing constant. While working on order statistics from generalized logistic models,
Mathai ended up with the model in (8). Later, it was realized that this model was
already derived by Connor and Mosimann (1969) by using the neutrality principle
of proportions. A lot of recent works in this direction, generalizing the neutral-
ity principle and characterizing Dirichlet density by using such generalized con-
cepts, etc., are there; for example, Ongaro and Migliorati (2013). Note that when
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f1 = 0,...,0:, = 0 in (8), we have the Dirichlet measure in (3). Averaging a
function ¢3(xq,...,x) over (8) is a generalized Dirichlet average. Let us consider
a few examples of averaging functions over the Dirichlet measure (3) first. Let
o1 = ¢1(x1,m9) =€ %1 a > 0. Let us average it over (3) for k = 2. Then

F(Oél + (67) —+ 063)

— —axy on—1_ ax—179 . az—1
E[¢1] T(on T(0a) T a )/Qe o 22T (1 — oy — 20)* day A dag

f:( a)*T( a1+k‘) [y + as + ag)
=0 k" ) F(a1+k+a2+a3)'

where the integrals over x; and x5 are evaluated by using a type-1 Dirichlet integral,
or available from the normalizing constant in (4). But I'(ag + k&) = I'(ay)(aq)x and
F(log +as+az3+ k) =T(ag +as + as)(ag + as + az). Then

e (—a)f (1) _ . .
El¢n] = kz:% kU (oq + as + az) = 1hiasian +az + ag; —a),

where 1 F7 is a confluent hypergeometric series.
Consider averaging ¢, = e~ “1*17%2%2 g1 > (), ay > 0, over the Dirichlet measure
in (3) for k£ = 2. Then proceeding as above we have

—az)® (), ()

E[¢2] — 1 2

1;01;0 kol (o + o + 3) gy ks
= FB<0517 Qo; 01 + Qo + (g —aq, —az),

where Fp is Appell’s function Fz, see also Mathai (1993). Consider a general case.
Let ¢3(xq, ..., xx) = e~ ®*1—~%%  Then proceeding as above we have the following
result:

Blod = >3 5 o e Sl

m1=0  mg=0 <a1 + ..+ ak+1)m1+...+mk

= felaq,...,ap;0q0 + ... + Qpor; —aq, ..., —ayg),

where fp is Lauricella function fg, see for example, Mathai (1993).

2.1. Modified type-1 Dirichlet measure and Dirichlet averages
Let us make the transformation x; = y]?, -1<y;<1,0<z; <1,5=1,...,kin
(3) such that 0 < y? + ... + y? < 1. Then the model in (3) becomes the following:
Dlog + .. + agsr)
(o) Do) ™
x [l—yf— ... —y]* =ty A Adyr, (9)

2001 —1 20, —1
| |

G(y1, - ye)dyr A A dy, =
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<y; <1,7=1,..,k0 <y} +..+y? < 1. Consider the special case
= ... = . Then the model in (9) is the following:
L5+ )

1 —y? — . =yl 10
Wgr(ak+1> [ 1 k;] ( )

92(y1> cey ?sz) =

For convenience let us write a1 = f > 0. This modified type-1 Dirichlet measure
has many interesting properties and connections to problems in various areas.

3. Modified type-1 Dirichlet average of three parameter Mittag-Leftler
function using fractional integrals

In this section, we study the generalized Dirichlet average of the three parameter
Mittag-Leffler function (1) in the forms

M (B, 85, y) = / EY y(uo 2)dug (u), (1)

£y
for o, 0,7, 5,8 € C,R(a) > 0; R(B) > 0, R(F) > 0;x,y € R, and

Mgy, .o byl — 21,00, 1= 2,) :/ B 5((1—wo2))duy(u), (12)
En—l

and «, 8,0,7 € C,R(B) > 0;b;,2; € C,R(b;) > 0,i =1,2,...,n. Here E, 4 is the

simplex in R*™1,n > 2:
Epoy = {(u,uz,un) : =1 <w S Luftuj - +up o <1} (13)
n—1
uoz:Zufzﬁ—(l—uf—n-—ui_l)zn, (14)
i=1

and dyy is defined by
1

dpp(u) = mml\zbl’l ot P = = =)y - dugy, (15)
where L(by) - T(b)
B(b) = 72— b; =1,....m,). 1
<> F(b1++bn>7(§}%(])>o’j ) 7n7) (6)
The general Dirichlet average of a function f(z) = f(z1, - ,2,) was defined by
Carlson (1969) in the form
Fioo)= [ fluo=)dmw) (17)

En—l
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where dpup(u) is defined in (15). For n = 1, F(b; z) = f(z). Carlson (1969) investi-
gated the average (17) for f(z) = 2" with any real k € R in the form

Ry(b, =) = [E (w0 2)*djuy(w). (18)

In particular, if n = 2, we note that we have a symmetric form of Carlson’s (1969)
3] Dirichlet average obtained via the transformation z = v?, u € [—1,1]. Con-
sequently, the associated normalizing constants and integral representations differ
from Carlson’s original simplex-based formulation by a fixed multiplicative factor,
which is absorbed into our definition of the modified type-1 Dirichlet average.

R0, 850,0) = gty [ e+ =) =) e, (19

where 3,5’ € C are complex numbers with positive real parts with ®(8) >
0,R(8') >0 and z,y € R.

We prove the representation for (11) and (12) in terms of the Riemann-Liouville
fractional integral of order v € C, R(a) > 0, Samko et al. (1993), Kilbas et al.
(2006):

(Ig f)(x) = ﬁ /x(x —t)* L f(t)dt, x> a,a€R. (20)

3.1. Representation of R, and Mgﬂ in terms of fractional integrals

In this section, we deduce representations for the Generalized Dirichlet averages
Ri(B, ' x,y) and Mlé(ﬁ,ﬁ’;x,y) via the fractional integral (20). Such a repre-
sentation for the former is produced by the first assertion.

Proposition 3.1. Let z,y be such thaty > x > 0,5,8 > 0 and k € R. Let
Ry and I§, be given by (19) and (20), respectively. Then there hold the following
formula,

r ! , /
BB, fi2.9) = P D =2 (B0 - 0) - o). )
Proof. For y > z > 0 rewrite Ri(5,5’; z,y) given by (19) in the form
' B+ [ k _ .
R(B.52.9) = i) /_1 e+ (1 — a)y]" (P (1 — )P du. (22)
Changing the variable u? = v, we have
/ 1
BB, 5.0) = [t [ et (L= oo -0 e, (2
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Making the change of variables v(y — ) = ¢, we have

.. @B +p)
Ri(8,8%z,y) = NG

According to (20), this proves (21).
Let o Fi(a, b;c; z) be the Gauss hyper geometric function defined for complex pa-
rameters a,b,c € C(c # 0,—1,...) by the hypergeometric series

> Q) b ka

which converges absolutely for |z| < 1 and |z| = 1,R(c —a —b) > 0, for details, see
Erdélyi et al. (1981). The next result gives the representation of Ry (53, 5’;x,y) in
terms of (25).

y—z
(y— )7 / (y— )"y — 2 — )" dt. (24)
0

(25)

Proposition 3.2. Let the conditions of Proposition 1 hold and let |1 — 7 < 1.
Then there holds the following representation

x
Proof. Taking out y* from the integrand in (23), we have
L'(B+5)
R(B, 8 2,y) = '
HO D) = Y EnE)
1 k
X / [1 —o(1 — f)] P71 —v)P . (27)
0 Y
According to the well known representation of Gauss hypergeometric function

o Fi(a,b;c;2) = %/0 27— )1 — z2) " da, (28)

for 0 < R(b) < R(c); | arg(l —2z)| < m. By using this integral we can easily establish
(27).

Theorem 3.1. Let «,6,v,5,0 € C be complex numbers, R(a) > 0,R(5) >
0,R(B') > 0 and let x,y € R be real numbers such that y > = > 0, and let
M s and IOBJ_ be given by (11) and (19) respectively. Then the Dirichlet average of
Mittag-Leffler function is given by

T+ p)

M0, 5.) = =gy =) L Bty = )] (=) (29)
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Proof. According to (11) and (1) we have

X , B F(B _|_ 5/
Mis(8,8529) = T /‘EZMFak+®
2

X [utx + (1 ) y)Fu)P (1 — )P Ldu put w? = v,

CTEHS) 'S (e U,

Changing the orders of integration and summation, we get

, ey
M, 58,55 2,y) = Z kT ak+§

=0

1
- / [y + vz — )" (1 = 0)” o
0
Changing the variable v(y — x) = t, and taking (19) into account, we have

1-8-p

M, 5(8, 82, y) F<(6+5/) 3 (Ve

L5+ 5) i T Bt —x— 1)
= T Y Y /0 By sy =)ty — 2 — )" dt

_TB+8)
I'(B)

This completes the proof.

(y— o) L Ly = )] 4y — ).

3.2. Special cases
In this section we discuss some particular cases of Theorem 3.1.

Corollary 3.1. Let the conditions of Theorem 3.1 be satisfied and o = 1, Then

LB+ 4
I'(3)

Let v =1, in Theorem 3.1, we get the next result

M5B, 85 2,y) = (y—2)' 7 I (7R (3:6: (y — 1)) | (y—2). (31)
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Corollary 3.2. Let the conditions of Theorem 3.1 be satisfied and v = 1. Then
L'(B+p)
I'(5)

Corollary 3.3. Let the conditions of Theorem 3.1 be true with a > 0 and y = 0.
Then

M2 5(B. 85, y) = (=) [ sy — )] (v —2). (32)

M, 58,8 x,0) = L+ 5) 2 W [ (1), (5.1) |x} ,x>0.  (33)

e (6+8.1), (5.0)
Aﬁﬂ@v—ﬁnwnzféymﬂgfg|x}w>0 (34)

where ), is the generalized Wright hypergeometric function.
The generalized Wright hypergeometric function is defined for complex a;,b; € C
and real A;, B; e R,i =1,2...p;j =1,2,...q by the series

P
- HF (a; + Ain)z
(b, Br), oy by, By) _ i=1
p\Ijq (alaAl)a ceey (apaAp> | yA o Z q : (35)
n=0 HF (b; + Bjn)n

=1

.

This function was first introduced by Wright (1935).

Proof 3.1. Using (30), changing the orders of integration and summation and
applying the formulas of connections between the Pochhammer symbol and the
beta function with the gamma function

_ I(a)T(8)

Fa g @fe0, (@)

we have

MZ,J(B?ﬁ/;Iao) =

+ ') i (Vaz"  T(n+B)L(B)
INeR (an+0)n! T'(n+ B+ p')
(y+n)z™  T'(n+9)

(an+6)n!T(n+ L+ ")’




Modified type-1 Dirichlet averages of the three-parameter Mittag-Leffiler ... 91

whenever the gammas are defined. By using the definition of Generalized Wright
hypergeometric function we can easily establish this result.

Corollary 3.4. Let the conditions of Theorem 3.1 be hold with o > 0 and x = 0.

e r(g+9) CRVIRNCBY
+p .1 /1
M) (B,3:0,y) = ———2oW e ’ -yl . 37
e R UM A A
In particular, when 8+ 8 =7,
—B,1
M3 = 3100 = | 0220 ). (38)
Corollary 3.5. Let the conditions of Corollaries 3.3 and 3.4 be valid and let o = 1.
Then ]
M| 5(8,82,0) = mz&(%ﬁ;ﬁ +8,0;2) x>0, (39)
/ 1 / /
M 5(8,850,y) = mﬁz(%ﬁ B+ B, 05y) vy <0, (40)

where o F} is the special case of generalized hypergeometric function ,F(z). It
is defined for ay,...,a,,b1,...,0, € C(b; # 0,—1,-2,...;j = 1,2,...,q) by the
generalized hypergeometric function series| Erdélyi et al. (1981)]

= (@), - - (ap)y 2F
Fyan, . apby,. . byz) = sah e Wp)k 2 41
plalan oty b2 =0, G B )

The series is absolutely convergent for any z € C when p < ¢. Setting a = v =
1,8 =1—p, from (39) and (40) we have the following result.

Corollary 3.6. Let the conditions of Corollary 3.5 be satisfied and for oo =1 and
B =1—p3. Then

1

Mll,(i(ﬁal_ﬁ;oay):%1’?‘1(15;5;]» y<0. (43)

4. Modification of Ml’?(ﬁ, f';z,y) in terms of hypergeometric function
A modified Dirichlet average is defined as from (1) and is presented in this
section as follows:

MG, Fsay) = [ (o2 EL (o 2) iz (w) (44)

Es
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The following theorem is an analogue of Theorem 3.1, providing representation for
(44) holds.

Theorem 4.1. Let o, d,7v,p,0,8 € C be complex numbers, R(a) > 0,R(5) >
0,R(F') > 0 and let x,y € R be real numbers such that y > x. Then there holds
the following relation:

ag g v LB+B)
PMc’xy,é (57ﬁ 7:673/) - F(ﬁ)

Proof. By combining (44) and (19) and switching the integration and summation
orders, we have

(y=a) 7 L (¢ = ) B 4(t) | (). (45)

pMas (B 85wy) = _N%ﬁl) /[“ (1 =)y B (e + (1= u)y))

w711 — u?)P " ldu

X

_ F(ﬁ + 5’) Z T (V)k / [y + U(l‘ o y)]ak—l—p_lvﬁ_l(l B U)ﬂl_ldv
k=0 " 0

L'(B) (ak +9)
Let y + v(z — y) =t and using the definition of Mittag-Leffler function, we get
o T'(B+4) o
M5 (B, 852, y) = W(m —y)A

X / 7t —y) B () (@ — t)P e
Yy

This results in the outcome in (44) according to (20) when n = 2.

Corollary 4.1. Let the conditions of Theorem 4.1 be valid with v =1, then

M5 (8,852 y) = %@_@1—6—6’
X L@ = y) T L ()| (@), (g > 2). (46)

Setting 6 = 8+ p — 1 and y = 0 in Corollary 4.1, we get the following result.

Corollary 4.2. Let the conditions of Corollary 4.1 be satisfied , § = S+ p — 1,
and let x > 0 and y = 0. Then

F !
M (5, 0) = %xwmmpmma), (x>0).  (47)
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In particular if B/ =1 — (3, then
1
I'(5)
Proof. Taking 6 = f+ p—1 and y = 0 in (46), using (20) and changing the order
of integration and summation, we have
(3 + Bl)xlfﬁfﬁl
I'(3)

MES(B 1 = B2,0) = 2" By p(2%), (x> 0). (48)

M5, (8.8 2,0) 1 @7 = ) Bappa(#))] (@)

tak‘

_ PB+B) vsp [ sz N
- ~I'G a! /O<a: t) 1t+p2;klr(ak+ﬂ+p_l>dt

LB+8) _sx 1 / tog )
- e 1 — =) pektite=2qs,
I'(B) ’ kzzok;!r(akJrﬁer—l) 0< :c)
put t = ux and using the definition of beta integral, we have

F(ﬁ-i-ﬂ) —BZ pok+B+p—1
T(B) KD (ak + 5 +p—1)

LMY, (8, 852,0) =

Now, we can easily prove (47) by using the definition of Mittag-Leffler function.

Corollary 4.3. Let the conditions of Corollary 4.1 be satisfied, p = 1,0 = 3, and
let x>0 andy=20. Then

LB+ p)

M58, 8’5 2,0) = TG Eopip(2®) (x> 0). (49)
In particular, if ' =1 — 3, then
M8, = Bi2.0) = o Eala®) (2> 0) (50)
where
Ey(2) = Eqa(2). (51)

The proof is similar to the proof of Corollary 4.2.
In conclusion of this section, we examine a modification of (11) in the form

pMS (B, B2, y) = /E(u 0 2)! LB 5l(u o 2)*] dus(w). (52)
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The subsequent sentence provides the expression for (52) with p = 4.

Theorem 4.2. Let «,d,v,5,5 € C be complex numbers, R(a) > 0,R(S) >
0,R(B) > 0, and let x,y € R,y > = be real numbers. Then there holds the
following relation:

o ak:+671 T
Y E NIRRT _ _ . N
Maé(ﬁﬂ x y Ok'r /{J—F(S)ZFl(ﬁ, ak 6+1aﬁ+ﬂa1 y) (53)

Proof. By utilising (52), altering the orders of integration and summation, and
employing the integral representation (27), we obtain

sMos (8,552, y)

_ F(6+ﬁ’) b1 5 -
- T(B) )/ Zklr k+5)[y+“( =y - o) o
- F(/B—i_ﬁ/) o0 ( ) ak+5 1 1 . _E ak 5—1Uﬁ—1 _ B/_l v
- T )gklr(am&)/“ (1= (1—0)""'d
- LB+ 8 ) () ak+5—1r(ﬁ)r(ﬂl) o | .
- TErE );k'F(ak+5) (5+5/)2F1(6, k—o+1L8+551 y).

5. Conclusion and future work

Several eminent mathematicians have provided the Dirichlet average for sim-
ple functions such as power and exponential functions, among others. We have
taken the modified type-1 Dirichlet average of those functions, applied a fractional
integral, and obtained new results after converting the basic function into the sum-
mation form. Thus, a link between the modified type-1 Dirichlet average of a func-
tion and the fractional integral has been discovered. The three-parameter Mittag-
Leffler-type function’s modified type-1 Dirichlet average was explored. In Theo-
rems 3.1 and 4.1, the bivariate Dirichlet averages of the three-parameter Mittag-
Leffler-type functions were expressed in terms of the Riemann-Liouville fractional
integral. In Theorem 4.2, the bivariate Dirichlet average of the three-parameter
Mittag-Leffler type function was shown to be expressed in terms of the Srivastava-
Daoust generalisation of the Lauricella hypergeometric function. The conclusions
of the theorems demonstrate the capacity to yield several unique examples ow-
ing to the general characteristics of the three-parameter Mittag-Lefller function.
It is expected that scientists and mathematicians will make use of these findings.
The multivariate Dirichlet average of the three-parameter Mittag-LefHler function
remains an open problem.
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